The sequence space BV , the space of all sequence of -bounded variation, was firstly defined and studied by Mursaleen. Later on, Vakeel and Tabassum developed the same space to double sequences. Recently, using the concept of Iconvergence, Vakeel and Vakeel et al. and others introduced many sequence spaces related to the space we just mentioned above which are defined by different operators. In this article, we keep the same direction up introducing some new classes of I-convergent double sequences of -bounded variation over n-normed spaces. In addition, we study some basic topological and algebraic properties of these classes. Also, we prove some inclusion relations on these classes.
PUBLIC INTEREST STATEMENT
The notion of ideal convergence is the most important development of the notion of usual convergence which played a big role for modelling uncertainty and vagueness in so many various problems in the field of science and engineering. On the other hand, the concept of n-normed spaces was developed, so that it became the focus of the researchers, interest. Quite recently, Vakeel Khan defined the space of all ideal convergent sequence of σ-bounded variation in space of real numbers. It was also obvious to defined some new n-normed spaces of ideal convergent sequence of σ-bounded variation by using Orlicz function and study some topological and algebraic properties and some inclusion relations of these spaces which is our aim in this article.
Introduction and preliminaries
Depending on the concept of natural density of a subset of the set of natural numbers ℕ, Fast (1951) and Steinhaus (1951) were the first ones who introduced the concept of statistical convergence independently for the real sequences. The idea of two-dimensional analogue of natural density is employed to extend the concept of statistical convergence to double sequences by Mursaleen (1983) . The notion of I-convergence (I denotes the ideal of subsets of ℕ), which is the generalization of statistical convergence, was introduced by Kostyrko, Wilczynski and Salat (2000) and further studied by many other researchers. The concept of 2-normed spaces was initially developed by Gahler (1964) , while that of n-normed spaces one can see in (Misiak, 1989) . Since then, many others have studied this concept and obtained various results, (Gunawan, 2001 ) and many others. The notion of I-convergence in 2-normed spaces was initially introduced by Gurdal (2006) . Later on, it was extended to n-normed spaces by Gurdal and Sahnier (2014) . Definition 1.1 Let n ∈ ℕ and X be a linear space of dimension d, where d ≥ n ≥ 2 over the field ( is the field of real or complex numbers). A real valued function ‖⋅, … , ⋅‖ on X n satisfying the following four conditions:
… , x n ‖is called an n-norm on X and the pair (X, ‖⋅, … , ⋅‖) is called an n-normed space over the field .
Example 1.1 If we take X = ℝ n equipped with Euclidean n-norm ‖x 1 , x 2 , … , x n ‖ E = volume of n-dimensional parallelepiped spanned by vectors (x 1 , x 2 , … , x n ), then the n-norm may be given by the formula ‖x 1 , x 2 , … ,
Let (X, ‖⋅, … , ⋅‖) be an n-normed space of dimension d ≥ n ≥ 2 and {a 1 , a 2 , … , a n } a linearly independent set in X. Then, the function ‖⋅, … , ⋅‖ on X n−1 is defined by defines as (n − 1)-norm on X with respect to {a 1 , a 2 , … , a n }, and this is known as the derived (n − 1)-norm ( see Gunawan & Mashadi, 2001 for details). The standard n-norm on X is defined as where ⟨⋅, ⋅⟩ denote the inner product on X. If X = ℝ n , then this n-norm is exactly the same Euclidean n-norm ‖x 1 , x 2 , … , x n ‖ E mentioned earlier. For n = 1, this n-norm is the usual norm ‖x‖ = ⟨x, x⟩ 1 2 . Definition 1.2 A double sequence (x ij ) in an n-normed space (X, ‖⋅, … , ⋅‖) is said to be convergent to some L ∈ X if there exists an positive integer N such that Definition 1.3 A double sequence (x ij ) in an n-normed space (X, ‖⋅, … , ⋅‖) is said to be Cauchy with respect to the n-norm if there exist two positive integers s = s( ), t = t( ) such that
If every Cauchy sequence in X converges to some number L ∈ X, then X is said to be complete with respect to the n-norm. Any complete n-normed space is said to be an n-Banach space.
Definition 1.4 A double sequence (x ij ) in an n-normed space (X, ‖⋅, … , ⋅‖) is said to be statistically convergent to L ∈ X, if for each > 0, for every z 1 , … , z n−1 ∈ X, the double natural density of the set
is said to be an Orlicz function if it satisfies the following conditions:
(i) M is continuous, convex and non-decreasing.
( 
Subsequently, Orlicz function was used to define sequence spaces by Parashar and Choudhary (1994) .
The notation of paranormed sequence space was studied at the initial stage by Nakano , (1951) and Simons , (1965) . Later on, it was further investigated by Maddox , (1969 ), Lascarides , (1971 and many others. Definition 1.6 (see Maddox 1989 ) Let X be a linear metric space. A function g:X ⟶ ℝ is said to be paranorm, if for all x, y ∈ X,
is a sequence of scalars with n → as n → ∞ and (x n ) is a sequence of vectors with
A paranorm g for which g(x) = 0 implies that x = 0 is called total paranorm and the pair (X, g) is called a total paranormed space. It is well known that the metric of any linear metric space is given by some total paranorm (see [wilansky 1984 ,Theorem 10.4.2, P-183] ). For more details about sequence spaces, see Maddox , (1969) and references therein.
Let ∞ and c denote the Banach spaces of bounded and convergent sequences x = (x k ), respectively with the usual norm ‖x‖ = sup k �x k �. Let be a one-to-one mapping from the set of positive integers into itself having no finite orbits for all positive integers and T be an operator on ∞ defined
A continuous linear functional on ∞ is said to be an invariant mean or -mean if and only if:
(ii) (e) = 1 where e = {1, 1, 1, … }.
By V , we denote the set of bounded sequences of all whose invariant means are equal. That is (see Schaefer, 1972) where m ≥ 1, k > 0 and where m (k) denotes m th -iterate of at k. Invariant means have recently been studied by Ahmad and Mursaleen (1988) , Raimi (1988) and many others. Later on, the concept of invariant means for double sequences was defined in Mursaleen and Mohiuddine (2010) . Definition 1.7 Mursaleen (1983) A sequence x ∈ ∞ is of -bounded variation if and only if:
which must exist, should take the same value for all k.
By BV , we denote the space of all sequences of -bounded variation which was defined by Mursaleen (1983) as follow:
where having the following properties, for any sequences x, y and scalar ,
Khan and Tabassum (2011) developed the same space we just mentioned above to double sequences. Later with the help of the concept of I-convergence, Khan, Esi and Shafiq , (2014b) and many others have defined many different spaces related to the space BV that is being studied. For more details, see (Altinok, Altin & Isik, 2008; Isik, Altin & Et, 2013; Khan, 2008; Khan, Esi & Shafiq, 2014a; Khan, Fatima, Abdullah & Khan, 2016) .
Definition 1.8 Let ℕ × ℕ be a non-empty set. A family of sets I ⊆ 2 ℕ×ℕ is said to be an ideal if :
(ii) I is additive i.e. for all A, B ∈ I ⇒ A ∪ B ∈ I, (iii) I is hereditary i.e. for all A ∈ I, B ⊆ A ⇒ B ∈ I.
• An ideal I ⊆ 2 ℕ×ℕ is said to be non-trivial if I ≠ 2 ℕ×ℕ .
• A non-trivial ideal I ⊆ 2 ℕ×ℕ is said to be admissible if I ⊇ {{x}:x ∈ ℕ × ℕ}.
• A non-trivial ideal I ⊆ 2 ℕ×ℕ is said to be maximal if there cannot exist any non-trivial ideal J ≠ I containing I as a subset.
(1.3)
, and t −1,k = 0, Definition 1.9 Let ℕ × ℕ be a non-empty set. Then a family of sets  ⊆ 2 ℕ×ℕ is said to be a filter on
Remark 1.2 For each ideal I there is a filter  (I) which corresponding to I (filter associate with ideal I), that is Definition 1.10 A double sequence (x ij ) in an n-normed space (X, ‖⋅, … , ⋅‖) is said to be I-convergent to a number L ∈ ℝ, if for every > 0, the set And we write I − lim
Definition 1.11 A double sequence (x ij ) in an n-normed space (X, ‖⋅, … , ⋅‖) is said to be I-null, if for every > 0, the set And we write I − lim
Definition 1.12 A double sequence (x ij ) in an n-normed space (X, ‖⋅, … , ⋅‖) is said to be I-Cauchy if, for each > 0, there exists two numbers s = s( ) and t = t( ) such that the set Definition 1.13 A double sequence (x ij ) in an n-normed space (X, ‖⋅, … , ⋅‖) is said to be I-bounded if there exists M > 0, such that, the set Definition 1.14 A double sequence space E is said to be solid or normal, if ( ij x ij ) ∈ E whenever (x ij ) ∈ E and for any double sequence of scalars ( ij ) with
Definition 1.15 A double sequence space E is said to be symmetric, if (x (i,j) ) ∈ E whenever (x ij ) ∈ E, where (i, j) is a permutation on ℕ × ℕ.
Definition 1.16 A double sequence space E is said to be sequence algebra, if (x ij ) * (y ij ) = (x ij .y ij ) ∈ E whenever (x ij ), (y ij ) ∈ E.
Definition 1.17 A double sequence space E is said to be convergence free, if (y ij ) ∈ E whenever (x ij ) ∈ E and x ij = 0 implies that y ij = 0 for all (i, j) ∈ ℕ × ℕ. 
A canonical pre-image of a step space is a set of canonical pre-images of all elements in E K , i.e. y is in the canonical pre-image of E K iff y is a canonical pre-image of some element x ∈ E K . Definition 1.19 A double sequence space E is said to be monotone, if it is contains the canonical pre-images of it is step space.
The following popular inequalities will be used throughout the article .
Let p = (p ij ) be the bounded double sequence of positive real numbers. For any complex , with
, then for the double sequences (a ij ) and (b ij ) in the complex plane, we have (see Maddox, 1989) for all i and j.
We used the following lemmas to establish some results of this article.
Lemma 1.1 Every solid space is monotone.
Lemma 1. 4 Gunawan and Mashadi (2001) Every n-normed space is an (n − r)-normed space for all r = 1, 2, … , n − 1. In particular, every n-normed space is a normed space.
Main results
Let I be an admissible ideal of ℕ × ℕ, let M be an Orlicz function, let (X, ‖⋅, … , ⋅‖) be an n-normed space, let p = (p ij ) be a factorable double sequence of strictly positive real numbers, let 2 (n − X) be the space of all double sequences defined over the n-normed space (X, ‖⋅, … , ⋅‖), then for each > 0, we define and introduce the following new classes of double sequences:
(1.10)
2)
for some > 0 and for every z 1 , z 2 , … , z n−1 ∈ X 
) be an arbitrary element, then there exist > 0 such that Let > 0 and choose with 0 < < 1 such that M 1 (t) < for 0 < t < . Write (2.3)
for some > 0 and for every z 1 , z 2 , … ,
for some > 0 and for every z 1 , 
The other cases can be proved in similar way. 
